Abstract-In this paper, we study transmit precoding in multiuser multiple-input single-output communications systems assuming the transmit signal is one-dimensionally modulated. A closed-form solution for widely linear maximum signal-toleakage-and-noise ratio (MSLNR) precoding is obtained. We also investigate the design of WL maximum ratio transmission (MRT) and WL zero-forcing (ZF) precoding techniques. It is shown that widely linear precoding of one dimensionally modulated signals substantially outperforms linear precoding of one dimensionally modulated signals.
I. INTRODUCTION
Widely linear (WL) processing of complex-valued signals was originally introduced in [1] and later resurrected in [2] in the context of minimum mean square error estimation. In contrast to linear estimation, in which the output is given by a linear filter applied to the received signal, a widely linear estimation output is given by superposition of linear filtering of the observation and linear filtering of its complex conjugate, or equivalently, superposition of linear filtering of real and imaginary parts [3] . For the special case of onedimensionally modulated signals, widely linear estimation reduces to the real part of the linearly filtered observation [2] . It was shown in [2] that when the distribution of the estimand (signal of interest) is improper, i.e., not circularly symmetric, widely linear estimation will improve mean square error (MSE) estimation, whether or not the observation is improper. Since its rebirth by Picinbono and Chevalier [2] , WL processing has been applied to communications systems, specifically to improper signal constellations or when improper noise is encountered [3] , [4] .
Advances in wireless communications, in conjunction with advances in electronics, paved the way for emergence of technologies including the Internet of things (IoT) and pervasive ubiquitous eHealth either stand alone or as part of 5th generation mobile networks [5] . In wireless communications, lowdata-rate power efficient one-dimensionally (1D) modulated signals such as binary phase shift keying (BPSK) are of interest to reliably support these emerging systems with massive numbers of low-data-rate devices [5] . When the data is onedimensionally modulated, implying an improper distribution, widely linear estimation has been applied to receive beamforming in the context of multiple-antenna communications [6] , [7] . The concept of widely linear processing can also be applied to transmit precoding. From one perspective, widely linear precoding is the superposition of linear precoding of the modulated signal and linear precoding of the complex conjugate of the modulated signal [8] . From another perspective, widely linear precoding is the linear precoding of the modulated signal in conjunction with widely linear estimation of the received signal [9] . It should be remarked that if the modulated signal is real-valued, only the latter perspective of widely linear transmit precoding is relevant.
In wireless systems, the base station or access point may be equipped with multiple antennas and users are typically equipped with a single antenna due to physical constraints such as equipment size, power supply, cost, and computational capabilities [10] . Consequently, the downlink transmitter can transmit different data streams to multiple users simultaneously to exploit the available spatial multiplexing gain. The task of transmit precoding is to reduce the effect of cochannel interference which arises in wireless broadcast channels due to spatial multiplexing. Three basic linear transmit precoders that are well researched in the last decades are: (i) transmit matched filtering or maximum ratio transmission (MRT) precoding which maximizes the signal portion of the desired signal at each receiver [11] , (ii) transmit zero-forcing or channel inversion precoding which nulls the interference at each receiver [11] , and (iii) maximum signal to leakage and noise ratio (MSLNR) precoding [12] . In this paper, we develop widely linear counterparts of these three basic linear precoding techniques for one-dimensional signalling.
The rest of the paper is organized as follows: Section II introduces our system model. Section III, studies the WL-MRT, WL-ZF, and WL-MSLNR precoding for one-dimensional signalling. Closed-form solutions for the precoders of the WL-MRT and the WL-ZF are obtained by using complex-domain analysis and closed-form solutions of the WL-MSLNR precoder is obtained by analysis of the composite real representation. Numerical results are presented in Section IV. Finally, conclusions are drawn in Section V.
II. SYSTEM MODEL
We consider a multiuser multiple-input single-output wireless broadcast channel with an M -antenna transmitter and K single-antenna users. The transmitter is assumed to simultaneously send independent pulse amplitude modulated (PAM) signals to all users using the same carrier frequency and bandwidth. In low-pass vector space representation, the onedimensionally modulated signal of a user can be described by a real-valued scalar which is the projection of the low-pass representation of the signal over the basis function defined as f (t) = g(t)/ E g , where g(t) is the low-pass real-valued pulse shaping signal with power E g . Therefore, the PAM signal of user k can be represented by
(1) The modulation order of user k is denoted by L k . The distance between adjacent signal constellation points is 2d E g . Given l k , the power of the signal is s 2 k (l k ). Consequently, the average power of the modulated signal of user k is σ
Using an M × 1 precoding vector u k to encode the symbol transmitted to user k, 1 ≤ k ≤ K, the transmitted signal from the M -antenna array is then given by
where
. Therefore, the transmit power is expressed by
where it is assumed that the input signals are mutually independent with covariance matrix
Assuming a fading channel with additive white Gaussian noise (AWGN), the received signal r k at user k is given by
where the additive noise z k is a circularly symmetric complex Gaussian (CSCG) random variable with zero mean and variance σ 
and the noise
T has zero mean and covariance matrix
The received signal at each user is passed through an equalizer which simply scales it by a weight. Therefore, the processed signal at the receiver of user k is represented as a function of the transmit precoding matrix U and the receive filtering coefficient w k by (6) where z k is also a CSCG noise term with variance σ
Equivalently, the processed signals at the receivers can be represented in vector form by
where W = diag(w 1 , . . . , w K ) and y = [y 1 , . . . , y K ] T , and z = Wz and has zero mean and covariance matrix R z = WR z W H . Since the focus of this paper is on precoding design, it is assumed that W is known at the transmitter. For example, when the structure of the receivers are required to be simple with no receive filtering, W can be assumed to be equal to identity matrix. Moreover, it is assumed that perfect channel state information between transmitter and all users is available at the transmitter in order to focus on the precoding methods rather than on the effect of channel estimation.
III. WIDELY LINEAR PROCESSING
In general, when data s and observation r are both improper and complex, widely linear estimation of s is given bŷ s = wr + vr * , i.e., by superposition of linear estimates of observation r and its complex conjugate r * . In case of realvalued data and complex-valued observation, it is known that v = w * and thereforeŝ = 2 {wr}, i.e., the estimation is given by the real part of the output of a linear estimator [2] .
It is expected that, calculating w by optimizing a metric based on {wr} provides more degrees of freedom compared to optimizing a metric based on wr. In other words, by not using the information hidden in the imaginary part of the output, {wr}, WL processing is expected to be capable of providing more degrees of freedom (DoF) which could be utilized either for improving throughput by enabling an increase in the number of users or improving reliability.
A. WL Maximum Ratio Transmission Precoding
Maximum ratio transmission (MRT) or matched filtering is the transmit counterpart of maximum ratio combining at the receiver [11] . MRT intends to maximize the received signal to noise ratio by matching the transmit precoding vector of each user to its channel. Since MRT does not consider cochannel interference, it may only perform close to optimally in noise-limited channels and in single-user communications. Considering widely linear processing, the SNR at the kth user, 1 ≤ k ≤ K, can be defined as the ratio of the power of the real part of the desired signal at receiver k to the power of the real part of the post-processing noise, i.e.,
Then the MRT precoding problem can be formulated by maximizing the SNR at the receiver subject to a constraint on the transmit power as
for 1 ≤ k ≤ K. In (9), τ k , the power constraint on the transmitted signal to user k, should satisfy K k=1 τ k = τ , where τ is the total transmit power constraint. To calculate the values of τ k s, a power allocation strategy such as equal power allocation or sum rate maximizing water-filling power allocation can be employed [13] . Using the Cauchy-Schwarz inequality the solution can be shown to be (see [14] for more detail)
or in matrix form
where (11) is the same as the result of MRT with linear processing in the broadcast channel. In other words, using widely linear processing is not advantageous compared to linear processing when the transmitter uses MRT to transmit one-dimensionally modulated signals.
B. WL Zero-Forcing Precoding
Next, we consider zero-forcing (ZF) precoding also known as channel inversion [11] . In zero-forcing, it is assumed that the received signals are interference free, i.e., the received signal at receiver k is free of interference caused by the signal transmitted to user j ∈ {1, . . . , K} \ {k}. In other words, zero interference imposes the following constraint on the precoding matrix:
where non-negative real-valued diagonal matrix
Imposing this constraint results in σ 2 sk λ k as the average power of the received signal at receiver k. Since ZF precoding only considers the effect of interference but not noise, it may only perform close to optimally in interference-limited channels. From (12) it can be seen that ZF not only forces interference to be zero, but also it makes the power received by each user to be fixed.
When the transmitter sends one-dimensionally modulated signals to the users and estimation of the received signal is performed only over the real part of the received signal, widely linear processing can be employed which results in relaxing (12) to
Thus, as an extension to linear ZF precoding, widely linear zero-forcing precoding is formulated by minimizing the total transmit power subject to the interference-free constraint as
To solve this problem we first rewrite it in the following form:
where e k is the kth standard basis vector in K-dimensional Euclidean space and H was introduced in Section III-A. Accordingly, calculating the Lagrangian and using Wirtinger calculus to obtain KKT conditions, WL-ZF precoder is obtained as (see [14] for more detail)
Widely linear ZF precoding suffers from the lack of a constraint on the transmit power at the expense of a fixed received power, which makes the total transmit power depend on the channel characteristics. To overcome this shortcoming of WL-ZF, a simple heuristic approach is to introduce a scaling factor γ to normalize U and constrain the total transmit power to τ [11] . In other words, setting
(17) Using the scaling factor (17) to normalize U ZF of (16), results in the following normalized WL-ZF precoding matrix
(18) It should be remarked that in general, using this approach or other power allocation approaches such as water-filling results in diagonal matrix {WHU} not being necessarily equal to Λ Λ Λ as required by (13) .
C. WL Maximum Signal to Leakage and Noise Ratio Precoding
So far, we have developed widely linear MRT and ZF precoding. Similar to linear MRT and ZF precoders, their widely linear counterparts also do not consider the effect of the receiver's additive noise in calculating the precoding vectors. A conventional performance criterion in communications systems which also reflects the effect of additive noise is maximization of the signal to interference and noise ratio (SINR). However, finding precoding vectors by maximizing SINR of each user is a prohibitively complex problem and does not lead to a closed-form solution [15] . On the other hand, signal to leakage and noise ratio (SLNR) is a relatively Fig. 1 . Average symbol error rates of users for M = 4 transmit antennas and K = 4 users with 4-PAM modulation. The MRT and ZF precoding methods are given by [11] and MSLNR precoding is given in [12] .
where 
IV. NUMERICAL RESULTS
We consider a multiple-input single-output broadcast channel (BC) with a 4-antenna transmitter and four single-antenna users. The transmitter is assumed to send independent 4-PAM signals to the users simultaneously and at the same carrier frequency. The channel gains are assumed to be quasi static and follow a Rayleigh distribution with unit variance. We assume that perfect CSI of all channels is available at the transmitter. At the receiver, an i.i.d. Gaussian noise is added to the received signal. All simulations are performed over 10,000 different channel realizations and at each channel realization a block of 1,000 symbols is transmitted to each user. Fig. 1 compares the average symbol error rates of linear ZF and MSLNR precoding and their widely linear counterparts in addition to MRT precoding. As can be seen, the proposed widely linear precoding methods substantially outperform their linear counterparts. Maximum ratio transmission, which can be considered as both a linear and a widely linear processing technique, does not exhibit good performance in high SNRs, as expected.
In Fig. 1 , it was shown that widely linear precoding of one-dimensionally modulated signals outperforms linear precoding of one-dimensionally modulated signals. It would also be instructive to compare the performance of widely linear precoding of one-dimensionally modulated signals and linear precoding of two-dimensionally modulated signals. We use system throughput for this comparison. Fig. 2 depicts the expected sum rates of four users with 4-PAM modulation employing the proposed widely linear precoding methods and the expected sum rate of two users with 16-QAM modulation employing linear precoding methods. Numerically, this metric can be obtained using the modulation order of the users and the ratio of the number of successfully estimated symbols to the number of transmitted symbols. Theoretically, four users with 4-PAM modulation and two users with 16-QAM modulation, both achieve a maximum sum rate of 8 bits/channel use. Therefore, it is very interesting to observe that WL precoding of four 4-PAM modulated users outperforms linear precoding of two 16-QAM modulated users.
To provide a more complete set of comparisons, we also present Fig. 3 which depicts the expected sum rates of linear precoding of four users with 4-PAM modulation and linear precoding of two users with 16-QAM modulation. At all SNRs, the expected sum rates achieved by ZF precoding of two 16-QAM modulated users is higher than any other combination of modulation and precoding. By comparing Figs.
2 and 3, it becomes clear that, at all simulated SNRs, all the proposed widely linear precoding methods achieve higher bit rates compared to their linear counterparts. This result is compatible with our findings in Fig. 1 .
V. CONCLUSION
In this paper, we proposed a widely linear (WL) transmit precoding design for one-dimensionally modulated signals in a standard broadcast communications channel. Closed-form solutions for the precoders of the WL-MRT and the WL-ZF were obtained by using complex-domain analysis and closedform solution of WL-MSLNR was obtained by analysis of the composite real representation. It has been shown that WL precoding of one dimensionally modulated signals outperforms linear precoding of one dimensionally modulated signals. Moreover, it has been shown that WL precoding of a one dimensionally modulated signal may also outperform the linear precoding of two dimensionally modulated signals.
